Abstract. Let Ω = {x ∈ R N : r 0 |x| < 1} with N 2 and r 0 ∈ (0,1) . We study a kind of geometric oscillatory and asymptotic behaviour near |x| = 1 of all radially symmetric solutions
Introduction and statement of the main results

Let
A function u ∈ C(Ω) is said to be oscillatory near |x| = 1, if there is a sequence x n ∈ Ω such that u(x n ) = 0 for all n ∈ N and corresponding sequence of real numbers |x n | is increasing and |x n | → 1 as n → ∞. 
dS.
However, if |Γ(u)| S is infinite, then u = u(x) is said to be nonrectifiable oscillatory near |x| = 1. In the paper, we study the rectifiable oscillations of all radially symmetric solutions u(x) of equation (1.1), where u(x) = y(r) and r = |x|. We see that y = y(r) is a solution of the following one-dimensional singular problem: In order to simplify the notation, we adopt the following definition. DEFINITION 1.3. Equation (1.1) is said to be rectifiable (resp. nonrectifiable) oscillatory near |x| = 1 if all radially symmetric solutions u(x) of (1.1) are rectifiable (resp. nonrectifiable) oscillatory near |x| = 1.
On the rectification and rectifiability of plane curves we refer reader to [2] and [16] . The rectifiable and unrectifiable oscillations near x = 0 for the first time were introduced and studied in the case of Euler type equation: y + λ x −σ y = 0 in (0,t 0 ], where λ > 0 and σ 2 , see [8] and [18] . Also, this kind of geometric oscillations have been studied in the case of Riemann-Weber version of Euler type equation, see [10] . Preceding results are generalized to the case of general linear differential equations y + f (x)y = 0, where f (x) satisfies the so-called Hartman-Wintner type condition, see [4] . It is enlarged to the case of two-point oscillations on the interval [0, 1], see [13] . The most general results on the rectifiable and unrectifiable oscillations of linear differential equations have been obtained in the case of self-adjoint linear differential equations, see [11] . The more general approach to the rectifiable and unrectifiable oscillations is given in the notion of so-called fractal oscillations introduced in [9] and continued to study in [4] , [13] , [14] and [12] . Recently, rectifiable oscillation of second order half-linear differential equation
was studied in [14] . However, since r N−1 ≡ 1 for N 2 , we are not able to apply directly on (1.3) the known results for (1.4). Hence, (1.3) is transformed into an equivalent equation of the type as (1.4). According to this procedure which is presented in details in Section 2, we are able to state and prove the main result of the paper by which the rectifiable oscillations of all radially symmetric solutions of equation (1.1) are characterized. 
(ii) It should be mentioned that the conditions in Theorem 1.1 are independent of the space dimension N . It should be also mentioned that, by Pašić and Wong [14] 
It is clear that p = N = 2 > 1 and the coefficient f (r) = λ /(r 2 ln 4 r) satisfies all required conditions from (1.2). Next, since p = 2 such f (r) also satisfies: 
EXAMPLE 1.2. Let λ > 0 and σ > 2 . By using the same calculation as in the previous example, one can show that the function f (|x|) = λ |x| −2 (− ln |x|) −σ , satisfies all required assumptions of Theorem 1.1. Moreover, (1.6) is satisfied provided 2 < σ < 4. Now, we give an example for the coefficient f (|x|) which does not satisfy all assumptions of Theorem 1.1. EXAMPLE 1.3. We consider the linear elliptic PDE:
2 r) of equation (1.8) does not satisfy the Hartman-Wintner type condition (1.5) for p = 2 , since for r ∈ (r 0 , 1) we have:
Therefore, we are not able to apply Theorem 1.1 to equation (1.8). However, the rectifiable oscillations near |x| = 1 of equation (1.8) can be immediately verified by using the following explicit formula for all radially symmetric solutions u(x) of equa-
Summarizing results from three previous examples, we state the following important consequence.
is rectifiable oscillatory near |x| = 1 provided 2 σ < 4 and nonrectifiable oscillatory near |x| = 1 provided σ 4 .
Let us remark that equation (1.9) allows explicit form of their radially symmetric solutions only for σ = 2 and σ = 4.
We consider the case where the coefficient f (|x|) admits a precise asymptotic behaviour near |x| = 1. We say that f (r) ∼ g(r) as r → 1 if there exists two positive constants
The proof of previous theorem is given at the end of Section 2. An application of Theorem 1.2 to a linear elliptic PDE is given in the next example. which oscillates near |x| = 1 and let x n ∈ Ω be the sequence of zero points of u(x) determined as in Definition 1.2. Let Ω n = {x ∈ R N : |x n | < |x| < |x n+1 |} , n ∈ N. It is known that the Riccati type substitution (see for instance [3] , [5] , [6] ),
where 1/q + 1/p = 1 . Is it possible to derive some qualitative properties of the function ω n (x) that are related to the rectifiable and nonrectifiable oscillations of u(x) near |x| =
1?
In the sequel, we consider the problems of L 1 -integrability and L p -nonintegrability of |∇u| on Ω for all radially symmetric solutions u(x) of equation (1.1). The L 1 -integrability of |∇u| on Ω is a direct consequence of Theorem 1.1 and Lemma 2.1 as follows.
If the coefficient f (|x|) admits a precise asymptotic behaviour near |x| = 1, then besides Corollary 1.2 we have the following result. 
About the L p integrability of solutions of quasilinear ellitpic equations, in most general setting, see in [15] .
Proofs of Theorems 1.1 and 1.2
We firstly state the following lemma. 
Furthermore, u(x) is nonrectifiable oscillatory near |x| = 1 if and only if the statement (i) is fulfilled and Γ(y) is nonrectifiable curve in
Proof. Since u(x) = y(r), r = |x|, we have |∇u| = |y |, and it follows that
where ω N is the volume of the unit ball in R N . Since 3) is transformed into the equivalent one (see for instance [17] and [7] ):
where
and
It is easy to see that the structural conditions from (1.2), that is, f ∈ C 2 ([r 0 , 1)), f (r) > 0 on (r 0 , 1) and f (1−) = ∞, are equivalent to:
Let us recall the results by [14] for the rectifiable oscillations of equation (2. 
Then problem (2.2) with z(1) = 0 is rectifiable oscillatory near t = 1 if and only if 
Proof. (i) Let firstly consider the case p = N . Since F(t) = e Nt f (e t ), then we have
we obtain
Next we consider the case p = N . In this case, since
Here the interval
which proves that (2.10) is equivalent to (2.7).
(ii) First let us consider the case p = N . Since 
Next let us consider the case p = N . Since
dr,
and ε andε have a relation 1 + ε = (1 −ε) (N−1)/(p−1) . In the above, we have used (2.9), that is,
Thus, we have proved that (2.11) is equivalent to (2.8). 2 LEMMA 2.4. Let η and θ be arbitrary positive constants such that η + θ = 1/p. Then condition (2.10) is equivalent to (1.5).
In order to prove Lemma 2.4, we need the following result by [14] . 
PROOF OF LEMMA 2.4. Applying Lemma 2.5 with f = F , we may assume that (2.7) holds with θ = η = 1/(2p). Then, by Lemma 2.3 (i), we obtain (2.10) with θ = η = 1/(2p).
In order to simplify notation, let q = (N − 1)/(p − 1). Then
By a direct calculation, we obtain
Since f (r) → ∞ as r → 1− , we see that the function r
Then it follows that f
By applying Lemma 2.5 again, we obtain (1.5). Conversely, we assume that (1.5) holds. By Lemma 2.5 we may assume that (2.14) holds. By (2.13), we obtain (2.10) with θ = η = 1/(2p). By applying Lemma 2.5 with f = F , we have (2.10). 2 LEMMA 2.6. The condition (2.11) is equivalent to (1.6).
Proof. Observe that
Then it follows that
Thus (2.11) is equivalent to (1.6 10) we obtain the corresponding asymptotic behaviour for f (r) and f (r) and hence, we have:
Next, we show that a function f (r) which satisfies (1.2) and (2.15) also satisfies the Hartman-Wintner condition (1.5) provided σ > p . In fact,
and then f In this section, we give the proofs of Theorem 1.3 and Corollary 1.3 which have been stated in Section 1.
Let u(x) = y(|x|) be a radially symmetric solution of equation (1.1), where the coefficient f (r) satisfies the required assumptions (1.2) and (1.5). By the change of variables given in (2.1), we know that the function z(t) = y(r) satisfies the differential equation (2.2): (|z | p−2 z ) + F(t)z p−2 z = 0, t ∈ I N , where the coefficient F(t) and the interval I N are given respectively by (2.3) and (2.4).
We consider the case I N = (t 0 , 1). The other cases from (2.4), that is I N = (t 0 , 0) and I N = (1,t 0 ) can be analogously considered and they are left to the reader.
The generalized sine function sin p is defined by the solution to the problem
The function sin p is defined on R and is periodic with period 2π p , where
. where 1/p + 1/q = 1 and the energy functional V (t) and the phase ϕ(t) satisfy:
0 < lim t→1− V (t) < ∞ and lim t→1− ϕ(t) = ∞, ϕ (t) > 0 on (t 0 , 1) and ϕ (t) ∼ F Since t n is an increasing sequence of consecutive zeros of z(t), from the asymptotic formula (3.1) and from (3.2), we derive that there exists an n * ∈ N such that:
symmetric solution u(x) = y(|x|) admits an increasing sequence of zeros r n ∈ (r 0 , 1) such that r n → 1 and r n+1 − r n ∼ r n+2 − r n+1 as n → ∞. (3.11) In fact, by the reasons already presented at the begining of the proof of Theorem 1.3, we have all solutions z = z(t) of equation (2.2) allowing the asymptotic formula (3.1) and (3.2) (let for instance I N = (t 0 , 1), the other cases: I N = (t 0 , 0) and I N = (1,t 0 ) can be analogously considered). By the asymptotic assumption for f (t) near t = 1 given in (2.15) we have F(s) ∼ (1 − s) −σ as s → 1 . By the asymptotic behaviour of ϕ (t) near t = 1 , determined in (3.2): ϕ (t) ∼ F 1/p (t) as t → 1 , we obtain:
(3.12)
Next, with the help of (3.3) we know that sequence t n of consecutive zeros of every solution z(t) of (2.2) satisfies ϕ(t n ) ∼ n as n → ∞ (see (3.6)), which together with (3.12) shows that t n ∼ 1 − n −p/(σ −p) as n → ∞ and thus,
It proves the desired statement (3.11) by using the change of variables given in (2.1). 2
